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1.

The carbon skeleton of the cyclohexane molecule may be repre-
sented by & spatlal nexagon with equal sides and equal angles.
As has been gshown by Sachse 1) this hexqgon may assume either
a rigid or a flexible form by which it is capable of passing
'c@htinuousiy thtough a sequence of configurations, Accordingly
one may expect the existence of two isomeric forms of cyclo-
hexane. The same qgquestion has been considered by Oosterhoff
and Hazebroek 2) who also observed a similar phenomenon for

the cyclohexanedione - 1,4 molecule which corresponds to a
hexagon of the type abaaba.

In this note 1t will be shown that the necessary and sufficient
conditions for the existence of a flexible form of a non-de-
generate spatial hexagon with fixed sides and angles congist
in the equallty of opposite elements, Begides there exists a

rigid form which 1s not contained in the segquence of movable
forms.

2. Necessary conditions

Consider an arbitrary spatial hexagon P_P ¢P6a Let P. be

/] 2»# J
given by the Cartesian coordinates <Xjﬂ’xj2’xj3) 3=1,2...0

then we consider the product MmMWMgT of the two 7 X7 matrices
' xS +X°_4x° 0% -PX . =2X.. 1 O O
M m( JV 32 T3 J ]2 J3 >
i . 0 0 o 0 0 0
2 2 A
v d qu XJ? XJ3 KJW+X32+XJ5 O O :)
< 0 0 0 0 1

where the first row represents the sixX Prows i=1,2...0.
I the square distance between Pj and P, 1s denoted by a

K jk
then M takes the form

i‘
oy
L] .

where A is the 6 X 6 matrix (ajk) and 1 represents elther a row

or a column of ones. Since Mﬁ and Mé are of rank 5 M has also
the rank 5,



D

If the six sides and the six angles of the hexagon are given
then out of the 1bH different sguare distances ajk only

A,y = % op = Vo 836:“ Z

are unknown,

From M various zero determinants may be derived, Let us take
ABB and A66 which are obtalned from M by cancelling the third
row and column and the sixth row and column respectively.
This togefther with det M=0 ensures the vanishing of all other
6 X6 determinants from M. Both ABBMO and Ag-=0 are relations
between x and y only. In the case of a rigid structure by
these relations a single solution (x,y) is determined. If a
flexible structure exists these relations are dependent.

Consider the equation A66m0a This is a relation of the second
degree 1in each of the variables o and Ao - The geometrical
meanlng oI this relation is obtained as follows. Let the
triangle PngP3 be {ixed in space then P4 and P5 describe
circles 64 and C5 around the axes PBPE and PSPﬂ regspectively.
The condition of P4P5 having a fixed length imposes a (2,2)

correspondence between vertical chords in CM and 65 regpective-
ly, i.e. with respect to P1P2P3' This corregspondence 1is
ddegenerate 1f at least two double elements exist. In that

case The curve A66(X,y)m0 ralls apart into two hyperbolae etc.

Lf P4P5 has a position correspondingﬁto a double element PMP%

elther passes through PB or lies 1in the plane P

PP
172" 3
I P4P5 passes through PB in one position then the triangle

PBPMP% 1is degenerate.
I there are two positions of P4P5 in the plane P3PMP6 the

triangle PqPEP3 18 degenerate, Therefore we may conclude that

for non-degenerate hexagons, i.e. for which no three successive

points are collinear, the relations Aaaﬂo and A66mo are not
degenerate, 1

In the case of a flexible hexagon these relations are conse-

guently identical. A simple calculation shows that

2.2 o 2
A66(x,y) - wxgyg + 2X y(823+853) + 2Xy (313+a43) e e e 2,
ABB(x,y) = -X“y° + 2x2y(ag6+356) + 2xy2(a16+au6) +a 2,2



Hence we have e.,g,

A~y + 0 na = .- A - e 2 e
23 53 1o T 5563 243
FroquFB(ng) A?g(xﬁz) we obtain by equating the coefficients
of x7z
Y 4o _ = Loz l
65 T F35 = dgo T A4, =

From 2.3 and 2.4 we infer the equality of the opposite elements
= Ane==0rs~, Thls 18 o0obv] ] ue or the > Lte

823 856, =365 is 1s obviously true for the other opposit

elements a

02 \J

well so0 that we may say:

£y

The exls tence of a flexible form of
a non-degenerate hexagon imnpldies

the eqgualililty of onposite e€lementits.

In the following section it will be shown that this condition
igs also sufficient.,

Conglder a non-degenerate hexagon with cequal opposite elements.

Write {for convenience

A . = 8 - = D &l = A . =
23 56 g 35 60 -4

- == = ..

P34 = 8gq = Py

A1

ana Do=det
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= XyZ - .:.2;2 ( X4y ) - Lo . mﬂ 00 =
9 9
-D, = (x-4)(y-L 10 _
5 = (y-8) + (z - =) (x+y-8) = 0.
The rigid position is x=y=4, z = q;l
" _
2z = 22 + £ we have 4)
P 3
») + 1087 + 90 = O
= O .
In the case of a plane regular hexagon we have

so that
D, ®Xyz - Lix+y+z) - 16 .

I
O

-plane is

1) Ber.23 (1890) 1363 and Z.physik.Chem.10 (1892) 203.

2 ) L.J. Oosterhoff, Restricted free rotation and cyclic mole-
cules. Thesis, Leiden (1949).

3) L.J. Qosterhoff, 1.¢c. ch.V.
4) ib. ch.VI,



